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Abstract
Given a principal bundle P →M we classify all first order Lagrangian densities on the bundle of connections
associated to P that are invariant under the Lie algebra of infinitesimal automorphisms. These are shown to be
variationally trivial and to give constant actions that equal the characteristic numbers of P if dimM is even and
zero if dimM is odd. In addition, we show that variationally trivial Lagrangians are characterized by the de Rham
cohomology of the base manifold M and the characteristic classes of P of arbitrary degree.
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1. Introduction
Let p :C →M be the bundle of connections of a principal G-bundle π :P →M . The goal of this
paper is twofold. First, we classify the Lagrangians on J 1C which are invariant under the natural lift to
X(J 1C) of the full Lie algebra of infinitesimal automorphisms of P (see Theorem 1). A classical result
due to Utiyama (see [3,7,9,14,20]) states that a Lagrangian L :J 1C → R is gauge invariant if and only
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128 M. Castrillón López et al. / Differential Geometry and its Applications 19 (2003) 127–145if it factors through the curvature mapping Ω :J 1C →∧2 T ∗M ⊗ adP , i.e., L= L ◦Ω , by means of
a differentiable function L :∧2 T ∗M ⊗ adP → R which, in turn, must be invariant under the adjoint
representation of the Lie algebra g of G on the fibers of the adjoint bundle adP .
Due to the interest of the geometric version of Utiyama’s theorem in gauge field theory, it seems
reasonable to ask for the invariance under the group of all (not necessarily π -vertical) automorphisms.
Within the framework of Riemannian vector bundles, i.e., when G= U(k) or G=O(k), partial results
in this direction can been found in [10, Theorem 2.6.2] for polynomial Lagrangian densities but we
should emphasize that the characterization given here in Theorem 1 is obtained in full generality as we
work on the bundle of connections of an arbitrary principal bundle and we do not assume L to be a
polynomial. Unlike the Utiyama classification, invariance under the Lie algebra autP of all infinitesimal
automorphisms leads to variationally trivial Lagrangians. In fact, they are associated to Weil polynomials
whose degree is half of the dimension of M , if dimM is even, and zero if dimM is odd (see Section 3.2).
The action functional determined by these Lagrangians is constant and produces some characteristic
numbers of the bundle. Thus, the group of all automorphisms provides a variational characterization of
certain topological invariants of the bundle, which are of great importance in the topological theory of
quantized fields.
Secondly, motivated by the aforementioned result, in Section 4.2 we characterize the gauge-invariant
Lagrangian densities on J 1C which are variationally trivial (or null Lagrangians); see Theorem 2.
The structure of such densities is closely related to ‘divergence-free’ Sd(g∗)G-valued multi-vector
fields on M , where Sd(g∗)G stands for the coadjoint invariant polynomials of degree d = 0, . . . , [n/2],
n= dimM . It is shown that these Lagrangians are characterized by the de Rham cohomology of the base
manifold M and the characteristic classes of P of arbitrary degree.
Certain results of the present paper can be considered as a strong generalization to an arbitrary Lie
group of the results in [5] for classical electromagnetism.
2. Preliminaries
2.1. Automorphisms of a principal bundle
Consider a principal G-bundle π :P →M . An automorphism Φ :P → P is a diffeomorphism such
that Φ(u · g) = Φ(u) · g, ∀u ∈ P , ∀g ∈G. The set AutP of all automorphisms of P is a group under
composition. An automorphism Φ ∈ AutP induces a unique diffeomorphism φ :M →M on the base
manifold M , characterized by π ◦ Φ = φ ◦ π . If φ is the identity map, then Φ is said to be a gauge
transformation. The set of gauge transformations is a normal subgroup GauP ⊂ AutP , which is called
the gauge group of P . In the case of the trivial bundle pr1 :M ×G→M , every automorphism Φ can
be written as Φ(x,g) = (φ(x),ψ(x) · g), x ∈M , g ∈ G, where φ :M →M is a diffeomorphism and
ψ :M →G is a differentiable map.
2.2. Invariant vector fields
Let X(P ) be the Lie algebra of vector fields on P . A vector field X ∈X(P ) is said to be G-invariant if
T Rg ◦X ◦Rg−1 := (Rg)∗X =X, ∀g ∈G, where Rg denotes the right action of G on P . If Φt is the flow
of a vector field X ∈ X(P ), then X is G-invariant if and only if Φt ∈ AutP , ∀t ∈ R. Accordingly, we
M. Castrillón López et al. / Differential Geometry and its Applications 19 (2003) 127–145 129think of G-invariant vector fields as being the ‘Lie algebra’ of AutP and we denote it by autP ⊂X(P ).
Each G-invariant vector field on P is π -projectable. Similarly, a π -vertical vector field X ∈ X(P ) is
G-invariant if and only if Φt ∈ GauP , ∀t ∈ R. We denote by gauP ⊂ autP the ideal of all π -vertical
G-invariant vector fields on P , which is called the gauge algebra of P .
The G action on P lifts to an action on the tangent bundle T P defined by vu · g := TuRg(vu),
∀vu ∈ TuP , ∀g ∈ G. Denote by [vu]G the equivalence class defined by vu. The quotient (T P )/G
is a differentiable manifold and it is endowed with a vector bundle structure [vu]G ∈ (T P )/G →
π(u) ∈ M over M (see [1]), whose global sections can be naturally identified with autP ; i.e.,
autP  Γ (M, (T P )/G). This isomorphism is given in the following way. If X ∈ autP , then sX ∈
Γ (M, (T P )/G) is given by sX(x) := [X(u)]G ∈ (T P )/G, where π(u) = x. Conversely, if s ∈
Γ (M, (T P )/G), then Xs ∈ autP is given by Xs(u) := vp , where s(x)= [vu]G, with π(u)= x.
Let πg : adP →M be the adjoint bundle of P , the bundle associated to P by the adjoint representation
of G on its Lie algebra g, that is, adP = (P × g)/G where the G-action on P × g is
(u,B) · g = (u · g,Adg−1B), ∀(u,B) ∈ P × g, ∀g ∈G.
Given a pair (u,B) ∈ P × g we shall denote its G-orbit in adP by (u,B)ad. We also remark that the
fibers (adP)x are endowed with a Lie algebra structure uniquely determined by the condition
(2.1)[(u,A)ad, (u,B)ad]= (u, [A,B])ad, ∀u ∈ π−1(x), ∀A,B ∈ g,
where [ , ] is the bracket in g.
The gauge algebra of P can be identified with the sections of the adjoint bundle πg (cf. [11, III.35],
[13, I.Proposition 5.4]), that is, gauP  Γ (M, adP).
We obtain an exact sequence of vector bundles over M (the so-called Atiyah sequence [1, Theorem 1]),
(2.2)0→ adP → (T P )/G [T π]G−→ TM → 0,
where the first map is given by
(u,B)ad → [B∗u ]G, ∀(u,B)ad ∈ adP,
B∗ denotes the infinitesimal generator (or fundamental vector field) of the action given by B ∈ g, and
[T π ]G([vu]G) := Tuπ(vu).
2.3. The bundle of connections
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connections p :C := C(P )→M as the subbundle of Hom(TM, (T P )/G) determined fiberwise by all
R-linear mappings λ :TxM → ((T P )/G)x such that [T π ]G ◦ λ = 1TxM (see, e.g., [7, Definition 4.5],
[8,9], [14, §52]).
The set of connections on P can thus be identified with the set of global sections of p :C →M . Let
σΓ :M→ C be the section of C induced by Γ . An element λ :TxM→ ((T P )/G)x of the fiber of C over
a point x ∈M is nothing but a ‘connection at a point x’; i.e., λ induces by horizontal lift or, equivalently,
a complementary subspace HΓu of the vertical subspace Vu(P ) ⊂ Tu(P ) for all u ∈ π−1(x). If a linear
mapping h :TxM → (adP)x is added to λ we obtain another element λ′ = h+ λ ∈ C, as h ∈ ker[T π ]G.
In this way C is an affine bundle modeled over the vector bundle Hom(TM, adP) T ∗M ⊗ adP .
2.3.2. Coordinates on C
If π :P →M is trivial over an open subset U ⊆M , that is, π−1(U)∼=U ×G, then for every B ∈ g we
can define a one-parameter group of gauge transformations over U by setting ϕBt (x, g)= (x, exp(tB) ·g),
x ∈ U . Denote by B˜ the corresponding infinitesimal generator. Remark that B˜ is a vertical G-invariant
vector field on U ×G, that is, B˜ ∈ gau(U ×G). Set dimG=m and dimM = n. Let {B1, . . . ,Bm} be a
basis of g. Then, B˜1, . . . , B˜m is a basis of sections for adπ−1(U). Let Γ be a connection on P . Since
σΓ :TU → T (π−1(U))/G is a section of [T π ]G in (2.2), there exist unique functions Aaj (Γ ) ∈ C∞(U)
such that,
(2.4)σΓ
(
∂
∂xj
)
= ∂
∂xj
−Aαj (Γ )B˜α, 1 j  n.
The functions (xj ;Aαj ), 1 j  n, 1 α m, induce a coordinate system on p−1(U)= C(π−1(U))=
C|U . Note that dimC = n(m+ 1).
2.3.3. The homomorphism autP →X(C)
As is well known (cf. [13, II.Proposition 6.2(b)]), each Φ ∈ AutP acts on the connections of P by
pushing forward horizontal distributions; i.e., for every connection Γ with horizontal distribution HΓu ,
u ∈ P , the image Γ ′ =Φ(Γ ) is the connection corresponding to the distribution
(2.5)HΓ ′Φ(u) = TuΦ
(
HΓu
)
, u ∈ P.
In fact, if ωΓ is the connection form defined by Γ , we have ωΓ ′ = (Φ−1)∗ωΓ . If Ψ ∈ AutP is another
automorphism, then (Ψ ◦Φ)(Γ ) = Ψ (Φ(Γ )). For each Φ ∈AutP there exists a unique diffeomorphism
(2.6)ΦC :C→ C
such that p ◦ΦC = φ ◦ p, where φ :M →M is the diffeomorphism induced from Φ, and ΦC ◦ σΓ =
σΦ(Γ ) ◦ φ, for every connection Γ on P . The map Φ ∈ AutP → ΦC ∈ DiffC is therefore a group
homomorphism. If Φt is the flow of a G-invariant vector field X ∈ autP , then (Φt)C is a flow on C and
the corresponding infinitesimal generator is denoted by XC . This defines the Lie algebra homomorphism
(2.7)autP →X(C), X →XC.
The vector field XC is projectable onto X′, which equals the projection of X onto M . By using a
coordinate chart (U ;x1, . . . , xn) on M and the basis of sections B˜1, . . . , B˜m of adπ−1(U) introduced
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(2.8)X= f i ∂
∂xi
+ gαB˜α, f i, gα ∈ C∞(U), 1 i  n; 1 α m.
Using the definition of the homomorphism (2.7), a simple calculation shows that (see, for example, [9])
(2.9)XC = f i ∂
∂xi
−
(
∂gα
∂xi
− cαβγ gβAγi +
∂f h
∂xi
Aαh
)
∂
∂Aαi
,
where cαβγ are the structure constants of g, that is, [Bβ,Bγ ] = cαβγ Bα .
2.4. Jets and contact transformations
Given a fiber bundle p :E →M , denote by p10 :J 1E→E the first jet bundle of p, that is, the bundle
of 1-jets j 1x s of local sections s :U ⊂M → E, x ∈ U , of the projection p. The maps p10(j 1x s) = s(x)
and p1 :J 1E→M , p(j 1x s)= x, are called the target and the source projections (see, for example, [19]).
Let (xi, ya) be an adapted coordinate system on E. The induced coordinate system (xi, ya, ya,i) on J 1E
is defined by ya,i(j 1x s)= (∂(ya ◦ s))/∂xi)(x), for any local section s of E.
Let (Ψ,ψ), Ψ :E → E, ψ :M → M , ψ ◦ p = p ◦ Ψ , be a fibered diffeomorphism of the bundle
p :E→M . Denote by Ψ (1) ∈Diff(J 1E) its 1-jet prolongation, defined by
Ψ (1)
(
j 1x s
)= j 1ψ(x)(Ψ ◦ s ◦ψ−1), j 1x s ∈ J 1E.
The mapping Ψ → Ψ (1), is a monomorphism from the group DiffM(E) of fibered diffeomorphisms of E
to the group Diff(J 1E). Its infinitesimal version gives rise to a monomorphism of Lie algebras
XM(E)→X
(
J 1E
)
, Y → Y (1),
where Y (1) is the infinitesimal generator of Ψ (1)t , Ψt is the flow of Y , and XM(E) denotes the Lie algebra
of p-projectable vector fields on E. If Y = f i∂/∂xi + ha∂/∂ya , f i ∈ C∞(M), ha ∈ C∞(E), is the local
expression of a p-projectable vector field, then the expression of Y (1) is (see, for example, [19, §4.4])
Y (1) = f i ∂
∂xi
+ ha ∂
∂ya
+
(
∂ha
∂xi
− ya,j
∂f j
∂xi
)
∂
∂ya,i
.
In particular, we are concerned with the first jet bundle p10 :J 1C → C of the bundle of connections
p : C →M . In this case, if (2.8) is the local expression of an infinitesimal automorphism X ∈ autP ,
from formula (2.9) of the local representation of XC ∈X(C), we have
X
(1)
C = f i
∂
∂xi
−
(
∂gα
∂xi
− cαβγ gβAγi +
∂f h
∂xi
Aαh
)
∂
∂Aαi
(2.10)−
(
∂2gα
∂xi∂xj
− cαβγ
∂gβ
∂xj
A
γ
i − cαβγ gβAγi,j +
∂2f h
∂xi∂xj
Aαh +
∂f h
∂xi
Aαh,j
)
∂
∂Aαi,j
.
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Recall (cf. [4, p. 79]) that a decomposable multi-vector field χ =X1 ∧ · · · ∧Xd ∈∧d X(M), induces
a C∞(M)-linear graded endomorphism iχ :Ω•(M)=⊕d∈ZΩd(M)→Ω•(M) of degree −d by setting
(2.11)iχωr = (iX1 ◦ · · · ◦ iXk )ωr ∈Ωr−k(M), ωr ∈Ωr(M),
where iX denotes the usual interior product or contraction on the first index. For an arbitrary multi-vector
field χ define iχ by extending the formula above by linearity. Then the Lie derivative Lχ :Ω•(M)→
Ω•(M) with respect to χ ∈∧d X(M) is defined by
(2.12)Lχ = iχ ◦ d− (−1)dd ◦ iχ = [iχ ,d].
Note that Lχ is a graded operator of degree −d + 1.
More generally, let G be a Lie group and let
∧•
X(M) ⊗ S•(g∗) be the space of S•(g∗)-valued
multi-vector fields, S•(g∗) being the symmetric algebra of g∗. Let X = χ ⊗ f be an element of∧k
X(M)⊗ Sl(g∗). Define
LX :Ωr(M)→Ωr−d+1(M)⊗ S•(g∗)
by the condition LX (ωr) = Lχωr ⊗ f , letting the polynomial act trivially. For an arbitrary element
X ∈∧d X(M)⊗ Sl(g∗), the operator LX is defined by linear extension.
3. Invariant Lagrangians
Given a fibered manifold p :E→M , a Lagrangian density is a fibered mapping over M ,
Λ :J 1(E)→
∧n
T ∗M,
with n = dimM . If the base manifold is connected and oriented by a volume form v, then every
Lagrangian density can be written as Λ = Lv for a certain mapping L :J 1(E) → R, called the
Lagrangian.
If M is compact, the action functional is defined to be
£ :Γ (E)→R, £(s)=
∫
M
Λ
(
j 1s
)
.
A Lagrangian L :J 1(E)→ R is said to be variationally trivial if the Euler–Lagrange equations hold for
every local section of the bundle p :E→M ; that is, every local section is a critical point of the action
functional defined by L.
Proposition 1 (e.g., see [15,16]). Given a fibered manifold E → M , a Lagrangian L :J 1E → R is
variationally trivial if and only if the following systems of differential equations are satisfied:
∂2L
∂ya,i∂y
b
,j
+ ∂
2L
∂ya,j∂y
b
,i
= 0, i, j = 1, . . . , n; a, b = 1, . . . ,m,
∂L
∂ya
= ∂
2L
∂xi∂ya
+ ∂
2L
∂yb∂ya
yb,i, a = 1, . . . ,m,
,i ,i
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on E (see Section 2.4).
Two Lagrangians L, L′ are said to be variationally equivalent if they define the same variational
problem, that is, L − L′ is variationally trivial. Therefore, the characterization of variational triviality
solves the problem of variational equivalence.
3.1. Gauge invariance
A Lagrangian density Λ = Lv, L :J 1C → R, on the bundle of connections is said to be gauge
invariant (also called natural by some authors; e.g., [14, XII]) if the directional derivative of L in the
direction of X(1)C vanishes, that is,
X
(1)
C [L] = 0,
for every X ∈ gauP , where X(1)C denotes the 1-jet prolongation of the representation autP →X(C) (see
Section 2.4). Similarly, a Lagrangian density is said to be autP -invariant if
L
X
(1)
C
(Lp∗1v)=X(1)C [L]p∗1v +LLX(1)C (p
∗
1v)= 0, ∀X ∈ autP,
where p1 :J 1C →M is the source projection. The vector field X(1)C is p1-projectable to X′; the vector
field X′ is π -related to X. Then, the condition of autP -invariance yields
(3.1)X(1)C [L] +LdivX′ = 0, ∀X ∈ autP.
If X ∈ gauP , then X′ = 0 and the definition of gauge invariance is recovered.
A classical result by Utiyama (see [3,7,9,20]) gives a full characterization of gauge invariant
Lagrangians. From a geometrical point of view, this characterization has the following description.
Given a principal G-bundle π :P →M , the curvature mapping
Ω :J 1C→
∧2
T ∗M ⊗ adP,
is defined by the condition Ω(j 1x σΓ ) = (ΩΓ )x , ΩΓ being the curvature 2-form of the connection σΓ ,
regarded as a 2-form on M with values in the adjoint bundle adP . Consider the coordinate system
(xi ,Aαi ,A
α
i,j ) on J
1C given in Section 2.4 and the naturally induced coordinate system (xi,Rαij ),
1 i < j  n, 1 α m, on
∧2
T ∗M ⊗ (adP) defined by setting
(3.2)ω2 =
∑
i<j
Rαij (ω2)
(
dxi
)
x
∧ (dxj )
x
⊗ (B˜α)x, ω2 ∈
∧2
T ∗x M ⊗ (adP)x.
In these coordinates, the local expression of the curvature mapping is
(3.3)Rαij (Ω)=Aαi,j −Aαj,i − cαβγAβi Aγj .
The Utiyama Theorem states that a Lagrangian mapping L :J 1C → R is gauge invariant if and only if
it factors through the curvature by means of an adjoint invariant function. More precisely, L is gauge
invariant if and only if L = L ◦Ω , for a function L :∧2 T ∗M ⊗ adP → R invariant under the adjoint
representation of the Lie algebra g in each fiber (adP)x , x ∈M .
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automorphisms, but the converse is not true. For example, the action functional of the Chern–Simons
density is autP -invariant, but the Lagrangian itself is not, even in the Abelian case.
3.2. Lagrangian associated to a Weil polynomial
Given a Lie group G and its Lie algebra g, we denote by kg= g⊕ · · · ⊕ g the direct sum of k copies
of g. Similarly, given a vector bundle, we denote by k adP = adP ⊕ · · · ⊕ adP the Whitney sum of k
copies of the associated adjoint bundle.
A symmetric multilinear map f : kg→R is called a Weil polynomial of degree k if it is invariant under
the adjoint representation of G on g; i.e., if
f (AdgB1, . . . ,AdgBk)= f (B1, . . . ,Bk), ∀B1, . . . ,Bk ∈ g, ∀g ∈G.
The set of all Weil polynomials of degree k is denoted by IGk . The space IG =
⊕
k0 I
G
k is a subalgebra
of the symmetric algebra S•(g∗) of the dual g∗ (cf. [13, XII.§1]).
Given f ∈ IGk , we define the function
f¯ : k adP →R,
by the condition
(3.4)f¯ ((u,B1)ad, . . . , (u,Bk)ad)= f (B1, . . . ,Bk),
with (u,Bi)ad ∈ (adP)x, 1  i  k, x ∈M , u ∈ π−1(x). Taking into account that (u · g,Adg−1B)ad =
(u,B)ad, the invariance condition of f under the adjoint representation allows one to see that the previous
definition makes sense, that is, it does not depend on the choice of the point u ∈ π−1(x).
Let π :P →M be a principal G-bundle over a manifold M of even dimension dimM = n= 2k and
let f ∈ IGk be a Weil polynomial of degree k. We define the fibered mapping
(3.5)Λf :
∧2
T ∗M ⊗ adP →
∧n
T ∗M,
by
Λf (w)(X1, . . . ,Xn)= 1
(2k)!
∑
τ∈S2k
ε(τ )f¯
(
w(Xτ(1),Xτ(2)), . . . ,w(Xτ(2k−1),Xτ(2k))
)
,
for every w ∈ (∧2 T ∗M ⊗ adP)x , and arbitrary vectors X1, . . . ,Xn ∈ TxM , x ∈ M , where ε(τ) is
the signature of the permutation τ . If M is endowed with a fixed volume form v we define Lf ∈
C∞(
∧2
T ∗M ⊗ adP) as the unique function satisfying the condition Λf = Lf v. Each Weil polynomial
thus defines a Lagrangian density
Λf = Λf ◦Ω :J 1(CP )→
∧n
T ∗M,
by composing Λf with the curvature mapping Ω .
Proposition 2. Given a Weil polynomial f ∈ IGk , the Lagrangian density Λf defined above is autP -
invariant.
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representation on adP because of the invariance condition of the Weil polynomial f . Then, by virtue
of the Utiyama Theorem, the Lagrangian density Λf = Λf ◦Ω is gauge invariant. For the invariance
under the full algebra of infinitesimal automorphisms, as the problem is local, we only need to consider
the trivial bundle P = M × G. We only have to check condition (3.1) for vector fields of the type
X = f i(∂/∂xi). Let {ϕt} be the flow of X and Φ :P → P , Φ(x,g) = (ϕ(x), g), where for the sake
of simplicity, we have dropped the variable t . For any j 1x σΓ ∈ J 1C, we have((
Φ
(1)
C
)∗
Λf
)(
j 1x σΓ
) = ϕ∗(Λf (Φ(1)C (j 1x σΓ )))= ϕ∗(Λf (j 1ϕ(x)σΦ(Γ )))
= ϕ∗ Λf
(
Ω
(
j 1ϕ(x)σΦ(Γ )
)) (1)= ϕ∗ Λf ((ϕ−1)∗Ω(j 1x σΓ ))
(2)= ϕ∗(ϕ−1)∗ Λf (Ω(j 1x σΓ ))=Λf (j 1x σΓ ),
where the equality (1) is a general property of the curvature of a connection under a transformation
ϕ ∈ Diff(M) and equality (2) is a direct consequence of the definition of Λf given above. The proof is
complete by taking into account the formula of the Lie derivative
L
X
(1)
C
Λf = d
dt
∣∣∣∣
t=0
(
(Φt )
(1)
C
)∗
Λf . ✷
3.3. Characterization of autP -invariance
Lemma 1. Let N be a manifold and let f ∈ C∞(Rn ×N) be a map such that
(3.6)f = xi ∂f
∂xi
,
(xi) being the standard coordinates in Rn. Then the functions ∂f/∂xi , 1  i  n, are independent of
(xi ); i.e., ∂f/∂xi ∈C∞(N).
Proof. Let (x, y) ∈ Rn × N and let φ(t) = f (tx, y). Condition (3.6) gives φ(0) = 0, and by the chain
rule,
dφ
dt
= xi ∂f
∂xi
(tx, y)= 1
t
φ(t).
The solution to this differential equation is φ(t)= φ(1)t = f (x, y)t , so that
t · f (x, y)= φ(t)= f (tx, y)=
n∑
i=1
txi
(
∂f/∂xi
)
(tx, y).
Hence, f (x, y)=∑ni=1 xi(∂f/∂xi)(tx, y) and letting t = 0, we obtain
f (x, y)= xi ∂f
∂xi
(0, y),
thus finishing the proof. ✷
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on
∧2
T ∗Rn⊗ g defined in (3.2). If f ∈ C∞(∧2 T ∗Rn⊗ g) is such that
(3.7)f =
∑
j,α
Rαij
∂f
∂Rαij
, i = 1, . . . , n,
where Rαij =−Rαji whenever i  j , then
(1) for n odd, f is the zero function;
(2) for n even, say n= 2k, we have
f =
∑
τ∈Sn
λτα1,...,αkR
α1
τ (1)τ (2) . . .R
αk
τ(n−1)τ (n),
where Sn denotes the permutation group and λτα1,...,αk ∈C∞(Rn).
Proof. By induction on n. For n= 2, we have
f =Rα12
∂f
∂Rα12
,
and by virtue of Lemma 1, ∂f/∂Rα12, α = 1, . . . ,m, are in C∞(Rn). For n = 3 and letting i = 1 in
formula (3.7), we have
(3.8)f =Rα12
∂f
∂Rα12
+Rα13
∂f
∂Rα13
.
In this case, for any α = 1, . . . , n, Lemma 1 implies that ∂f/∂Rα12 does not depend on R112, . . . ,Rm12,
R113, . . . ,R
m
13. Setting i = 2 in Eq. (3.7) yields
f =Rα21
∂f
∂Rα21
+Rα23
∂f
∂Rα23
,
and then (by Lemma 1), ∂f/∂Rα21 = −∂f/∂Rα12 does not depend on R123, . . . ,Rm23; that is, ∂f/∂Rα12 ∈
C∞(Rn), α = 1, . . . , n. The same conclusion is obtained for ∂f/∂Rα13 and ∂f/∂Rα23. Now, taking
derivatives in (3.8) with respect to Rα23 we have ∂f/∂Rα23 = 0, α = 1, . . . , n. We proceed similarly with
∂f/∂Rα12 and ∂f/∂Rα13. Thus f = 0. For an arbitrary n  4, we define f 12α = ∂f/∂Rα12, α = 1, . . . ,m.
From Eq. (3.7) for i = 1 and Lemma 1, we conclude that f 12α does not depend on Rβ1k, k = 1, . . . , n,
β = 1, . . . ,m, and it does not depend on Rβ2k either, as f 12α =−f 21α . Hence f 12α can be seen as a function
on
∧2
T ∗Rn−2 ⊗ g, where (x3, . . . , xn) are the variables in Rn−2. By applying ∂/∂Rα12 to (3.7) for i > 2,
we obtain
f 12α =
∑
j>2,β
R
β
ij
∂f 12α
∂R
β
ij
, i > 2,
and therefore f 12α satisfies the conditions of the statement for n − 2. Hence, if n − 2 (and also n) is
odd, then by the induction hypothesis f 12α = 0, α = 1, . . . ,m. Similarly, for any other indices we have
f ijα = ∂f/∂Rαij = 0, i, j = 1, . . . , n, α = 1, . . . ,m, and we conclude f = 0. For n even, the induction
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f 12α =
∂f
∂Rα12
=
∑
τ∈Sn−2
λτα,α2,...,αkR
α2
τ (2)τ (4) . . .R
αk
τ(n−1)τ (n),
and similarly for f 1jα , j = 3, . . . , n, α = 1, . . . ,m. With these expressions, Eq. (3.7) completes the
proof. ✷
Theorem 1. Let π :P →M be a principal G-bundle with G connected and M connected and orientable.
Then:
(1) If dimM is odd, the only autP -invariant Lagrangian density is the zero density.
(2) If dimM is even (say dimM = 2k), all autP -invariant Lagrangian densities are of the form Λf ,
with f ∈ IGk (see Section 3.2).
Proof. As M is orientable, fix in what follows a volume form v on M . Let Lv be an autP -invariant
Lagrangian density. In particular, Lv is gauge invariant and by virtue of Utiyama’s Theorem, there exists
a function L :∧2 T ∗M ⊗ adP →R, invariant under the adjoint representation, such that
L= L ◦Ω,
Ω being the curvature mapping. Let (x1, . . . , xn) be a coordinate system in M such that v = dx1 ∧ · · · ∧
dxn and let (xi,Aαi ;Aαi,j ), i, j = 1, . . . , n, α = 1, . . . ,m, and (xi,Rαij ), 1  i < j  n, α = 1, . . . ,m,
be the induced systems of coordinates defined on J 1C and
∧2
T ∗M ⊗ adP respectively. We take an
infinitesimal automorphism X ∈ autP of the form X = f j∂/∂xj . Its lifting to J 1C (cf. formula (2.10))
is
X
(1)
C = f j
∂
∂xj
− ∂f
i
∂xj
Aαi
∂
∂Aαj
−
(
∂f l
∂xj
Aαl,i +
∂f l
∂xi
Aαj,l +
∂2f l
∂xj ∂xi
Aαl
)
∂
∂Aαj,i
.
The condition of autP -invariance X(1)C [L] +LdivX′ = 0 for this vector field is
(3.9)f j ∂L
∂xj
− ∂f
i
∂xj
Aαi
∂L
∂Aαj
−
(
∂f l
∂xj
Aαl,i +
∂f l
∂xi
Aαj,l +
∂2f l
∂xj ∂xi
Aαl
)
∂L
∂Aαj,i
+L∂f
j
∂xj
= 0.
For f j ≡ 1, j = 1, . . . , n, we have
(3.10)∂L
∂xj
= 0, ∀j = 1, . . . , n.
Taking an arbitrary point x0 = (x10 , . . . , xn0 ) ∈ M and a pair of indices i, h ∈ {1, . . . , n}, for f j =
(xh − xh0 )δji , j = 1, . . . , n, we obtain
(3.11)Lδhi =Aαi
∂L
∂Aαh
+Aαi,l
∂L
∂Aαh,l
+Aαl,i
∂L
∂Aαl,h
, ∀h, i = 1, . . . , n,
at any j 1x0σ ∈ (J 1C)x0 . On the other hand, as L= L ◦Ω , using the chain rule, and taking into account
the local expression of the curvature mapping Ω (Eq. (3.3)), we have
∂L
∂Aα
= ∂L
∂Rα
◦Ω,
i,j ij
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∂Aαi
=−cγαβAβl
∂L
∂R
γ
il
◦Ω,
where Rαij =−Rαji whenever i  j . These identities, when applied to Eqs. (3.10) and (3.11), give
∂L
∂xi
◦Ω = 0, δihL ◦Ω =Rαhl
∂L
∂Rαil
◦Ω, i, h= 1, . . . , n,
or in a simpler way, taking into account that Ω is a surjective submersion (cf. [3, Theorem 10.2.7]), we
get
(3.12)∂
L
∂xi
= 0, i = 1, . . . , n,
(3.13)δihL=Rαhl
∂L
∂Rαil
, i, h= 1, . . . , n.
Set h= i in formula (3.13) and apply Lemma 2; it follows that L= 0 for n odd and
(3.14)L=
∑
τ∈Sn
λτα1,...,αkR
α1
τ (1)τ (2) . . .R
αk
τ(n−1)τ (n),
λτα1,...,αk ∈C∞(M), for n= 2k. In fact, λτα1,...,αk are real constants because of Eq. (3.12). Set now h != i in
formula (3.13); we obtain
0=Rαhl
∂L
∂Rαil
, h != i.
Taking derivatives with respect to Rβha first and then with respect to R
γ
hb, we obtain
∂2L
∂R
β
ia∂R
γ
hb
+ ∂
2L
∂R
γ
ib∂R
β
ha
+Rαhl
∂3L
∂Rαil∂R
β
ia∂R
γ
hb
= 0,
for h != i, a, b = 1, . . . , n, β,γ = 1, . . . ,m. The last summand vanishes since expression (3.14) does not
contain any repeated product RαilR
β
ia . Thus one gets
(3.15)∂
2L
∂R
β
ia∂R
γ
hb
+ ∂
2L
∂R
β
ha∂R
γ
ib
= 0,
for h != i, a, b = 1, . . . , n, β,γ = 1, . . . ,m. Using expression (3.14) for L, it is easy to see that Eq. (3.15)
means the following: if τ ∈ Sn is an arbitrary permutation and µ ∈ Sn is the transposition µ(a)= b, then
we have
λτα1,...,αk + λµ◦τα1,...,αk = 0.
As transpositions generate the full group Sn of permutations, for any τ ∈ Sn we obtain
λτα1,...,αk = ε(τ)λIα1,...,αk ,
where I ∈ Sn is the identity element of the group Sn. Hence
(3.16)L= λIα1,...,αk
∑
ε(τ)R
α1
τ (1)τ (2) . . .R
αk
τ(n−1)τ (n).τ∈Sn
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straightforward to see that L= Lf for
f = λIα1,...,αkBα1 ∨ · · · ∨Bαk ,
where ∨ stands for the symmetric product in S•(g∗) and {B1, . . . ,Bm} is the dual basis to {B1, . . . ,Bm}
in g∗. The invariance of the polynomial f under the Ad-representation of G on g follows directly from
the invariance of L under the ad-representation of g, taking into account that G is connected. ✷
To fix notations, it is necessary to briefly review the theory of the Weil homomorphism and the
constructions of characteristic classes in terms of curvature forms (see, for example, [6], [13, XII]).
Given a principal connection Γ on π :P →M and a Weil polynomial f of degree d , the form f (ΩΓ ) is
a closed 2d-form which projects onto the base manifold M and whose cohomology class does not depend
on the chosen connection Γ . For dimM = 2k and degf = k, if σΓ :M → C is the section of the bundle
of connections associated to Γ , it is easy to check that Λf (j 1σΓ )= Λf (ΩΓ )= f (ΩΓ ). Therefore, if M
is compact, the action functional
£f (σΓ )=
∫
M
Λf
(
j 1σΓ
)= ∫
M
f (ΩΓ )
defined by Λf does not depend on the chosen section σΓ , that is, £f is constant and thus every section is
critical. We have thus proved the following.
Corollary 1. Every autP -invariant Lagrangian density is variationally trivial.
In fact, given an autP -invariant Lagrangian Λf , with f ∈ IGk , the constant value of the action
functional £f is nothing but the characteristic number cf defined by f (see [6,18]). Roughly speaking,
the autP -invariance determines the characteristic numbers of the bundle π :P → M for f ∈ IGk , if
dimM = 2k.
Remark 1. As a physical consequence of this fact we can conclude that the group AutP is too large
to be the group of symmetries of a model in classical field theory as all sections are critical. Indeed,
the invariance under the group AutP is never found in classical field theories and Corollary 1 can
be understood as a mathematical explanation of this fact. Nevertheless, these trivial Lagrangians are
of great interest in quantum field theory as their topological nature has turned out to be extremely
important for the quantization of fields. Corollary 1 thus reveals a link between the autP -symmetry
and these topological objects. See, for example, [2,17] and references therein for a discussion concerning
topological Lagrangians.
Example 1. Consider the group G = U(1) and an arbitrary U(1)-principal bundle π :P → M . This
is, for example, the setting for electromagnetism. In this case g = u(1) = R and the algebra of Weil
polynomials is generated by the identity, that is, IU(1) =R[t]. For this group, the statement of Theorem 1
can be rephrased by saying that, for dimM even, every autP -invariant Lagrangians is a multiple of the
Pfaffian (see [5] for a complete proof).
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by the determinant of the algebra of matrices in su(2), that is, I SU(2) = R[det]. The determinant is
a polynomial of degree two, hence the degree of every Weil polynomial is even. By Theorem 1, for
dimM = 2k, every autP -invariant Lagrangian is of the type Λf for f ∈ I SU(2)k . Then we can conclude
that a SU(2)-bundle π :P →M has autP -invariant Lagrangians different from zero if and only if dimM
is a multiple of four. Hence the first dimension in which a non zero autP -invariant Lagrangian density
can be defined is dimM = 4. This result agrees with the fact that every SU(2)-principal bundle over a
manifold M with dimM  3 is trivial (cf. [12, Chapter 2, Theorem 7.1]).
4. Variationally trivial Lagrangians
In the previous section it was proved that every autP -invariant Lagrangian is variationally trivial. One
can ask if the converse is true, namely, if every natural (that is gauge invariant) Lagrangian which is
variationally trivial is autP -invariant. It is known from the theory of characteristic classes that the only
natural and functorial way for defining cohomology classes from the curvature form are the characteristic
classes. As the autP -invariance has already given the characteristic numbers cf for f ∈ IGk , dimM = 2k,
at first sight one can expect that the rest of the characteristic numbers must also appear in this context.
This is the case as will be shown in Theorem 2: natural variationally trivial Lagrangians give not only
all characteristic classes (not only those classes of degree k, dimM = 2k) but also the other de Rham
cohomology classes of M .
4.1. Notation
Let X be an element of ∧2d X(M)⊗ IGd ⊂∧2d X(M)⊗ Sd(g∗) (see Section 2.5) with 0 d  [n/2],
where [·] stands for the integer part. On the curvature bundle, define the function
Xd :
∧2
T ∗M ⊗ adP →R,
by setting for any w2 ∈ (∧2 T ∗M ⊗ adP)x , x ∈M ,
(4.1)Xd(w2)=
〈
(Xd)x,w2∧ (d)· · · ∧w2
〉
,
where 〈 , 〉 stands for the natural pairing between elements of ∧2d X(M) ⊗IGd and its dual and w2∧ (d)· · ·
∧w2 ∈ (∧2d T ∗M ⊗ d adP)x . Remark that the action of a Weil polynomial f ∈ IGd on d adP is defined
by means of formula (3.4).
In particular, if Xd = χ ⊗ f and w2 = ω2 ⊗ η, we have
Xk(w2)= iχ
(
ω2∧ (d)· · · ∧ω2
) · f¯ (η, (d). . . , η).
Let
Xd = χ ⊗ f = ∂i ∧ · · · ∧
∂
i
λi1,...,i2dα1,...,αdB
α1 ∨ · · · ∨Bαd ,
∂x 1 ∂x 2d
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1 i < j  n, 1 α m, on the curvature bundle, the expression of Xd reads
(4.2)Xd = λi1,...,i2dα1,...,αd
∑
τ∈S2d
ε(τ )R
α1
iτ (1)iτ (2)
. . .R
α1
iτ (2d−1)iτ (2d),
as shown by a direct computation.
4.2. Characterization of the variational triviality
Theorem 2. Let π :P →M be a G-principal fiber bundle with G connected and M orientable. Let v be
a volume form on M . Then every gauge invariant variationally trivial Lagrangian density on J 1C is of
the form
L=
[n/2]∑
d=0
Xd ◦Ω,
where Ω is the curvature mapping and Xd ∈∧2d X(M) ⊗ IGd are IGd valued multi-vector fields which
are ‘divergence free’, that is,
(4.3)LXd v = 0,
for all d = 1, . . . , [n/2].
Proof. Let Lv be a gauge invariant variationally trivial Lagrangian density. Then, by virtue of the
Utiyama Theorem, there exists an adjoint invariant function
L :
2∧
T ∗M ⊗ adP →R
such that L= L ◦Ω . For the following local computations consider a chart (U ;x1, . . . , xn) on M such
that π−1(U) is trivializable and v = dx1 ∧ · · · ∧ dxn. In the coordinate systems induced on J 1C and
on
∧2
T ∗M ⊗ adP respectively, Proposition 1 yields, in this case, the following conditions for the
Lagrangian L:
(4.4)∂
2L
∂Aαi,h∂A
β
j,k
+ ∂
2L
∂Aαi,k∂A
β
j,h
= 0, i, j, k, h= 1, . . . , n; α,β = 1, . . . ,m,
(4.5)∂L
∂Aαj
= ∂
2L
∂xk∂Aαj,k
+ ∂
2L
∂A
β
i ∂A
α
j,k
A
β
i,k, j = 1, . . . , n; α = 1, . . . ,m.
On the other hand, taking the local expression of the curvature mapping (see formula (3.3)) and using the
chain rule, yields
∂L
∂xk
= ∂L
∂xk
◦Ω,
∂L
∂Aαj
= cβταAτi
∂L
∂R
β
◦Ω,ji
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∂Aαj,k
= ∂L
∂Rαjk
◦Ω.
With these formulas, Eqs. (4.4) and (4.5) can be rewritten as
(4.6)∂
2L
∂Rαih∂R
β
jk
◦Ω + ∂
2L
∂Rαik∂R
β
jh
◦Ω = 0, i, j, k, h= 1, . . . , n; α,β = 1, . . . ,m,
(4.7)cβταAτi
∂L
∂R
β
ji
◦Ω = ∂
2L
∂xk∂Rαjk
◦Ω + cγτβAβi,kAτh
∂2L
∂R
γ
ih∂R
α
jk
◦Ω.
Remark that the composition with Ω can be eliminated in these equations, as the curvature mapping is
surjective. The function L is invariant under the adjoint representation in the curvature bundle. Locally,
this invariance can be expressed as (cf. [9])
(4.8)cγτβRβik
∂L
∂R
γ
ik
= 0, τ = 1, . . . ,m.
Taking derivatives with respect to Rαjh, gives
2cγτα
∂L
∂R
γ
jh
+ cγτβRβik
∂2L
∂R
γ
ik∂R
α
jh
= 0.
Multiplying by Aτh and summing yields
2cγταA
τ
h
∂L
∂R
γ
jh
+ 2cγτβAτhAβi,k
∂2L
∂R
γ
ik∂R
α
jh
− cγτβcβµνAµi AνkAτh
∂2L
∂R
γ
ik∂R
α
jh
= 0.
The last summand vanishes. In fact, letting
Iα = cγτβcβµνAµi AνkAτh
∂2L
∂R
γ
ik∂R
α
jh
, α = 1, . . . ,m,
one needs to prove that Iα = 0, α = 1, . . . ,m. The Jacobi identity in the Lie algebra g
c
γ
τβc
β
µν + cγνβcβτµ + cγµβcβντ = 0, γ = 1, . . . ,m
gives therefore
Iα =−
(
c
γ
νβc
β
τµ + cγµβcβντ
)
A
µ
i A
ν
kA
τ
h
∂2L
∂R
γ
ik∂R
α
jh
=−cγνβcβτµAµi AνkAτh
∂2L
∂R
γ
ik∂R
α
jh
− cγµβcβντAµi AνkAτh
∂2L
∂R
γ
ik∂R
α
jh
=−cγτβcβνµAµi AτhAνk
∂2L
∂R
γ
ih∂R
α
jk
− cγτβcβνµAτhAνkAµi
∂2L
∂R
γ
hk∂R
α
ji
.
As Rγhk =−Rγkh, Eq. (4.6) implies
Iα = cγτβcβνµAµi AτhAνk
∂2L
∂R
γ
ik∂R
α
jh
− cγτβcβνµAτhAνkAµi
∂2L
∂R
γ
ki∂R
α
jh
= 2Iα,
thus concluding that Iα = 0.
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cγταA
τ
h
∂L
∂R
γ
jh
=−cγτβAτhAβi,k
∂2L
∂R
γ
ik∂R
α
jh
= cγτβAτhAβi,k
∂2L
∂R
γ
ih∂R
α
jk
and Eq. (4.7) can be simplified, thus obtaining
(4.9)∂
2L
∂xk∂Rαjk
= 0, j = 1, . . . , n; α = 1, . . . ,m.
This condition must be satisfied together with
(4.10)∂
2L
∂Rαih∂R
β
jk
+ ∂
2L
∂Rαik∂R
β
jh
= 0, i, j, k, h= 1, . . . , n; α,β = 1, . . . ,m.
Formula (4.10) gives then
∂2L
∂Rαih∂R
α
ih
= 0, i, h= 1, . . . , n; α = 1, . . . ,m,
and therefore L= A+RαihB for certain functions A,B , which are independent of the variable Rαih. This
condition, for i, h and α arbitrary, is only possible if L is a polynomial of the form
(4.11)L=
∑
d
λi1,...,i2dα1,...,αdR
α1
i1i2
. . .R
αd
i2d−1i2d ,
where λi1,...,i2dα1,...,αd ∈C∞(M). Using again (4.10) one concludes
∂2L
∂Rαih∂R
α
jh
= 0, i, j, h= 1, . . . , n; α = 1, . . . ,m.
In other words, it is not possible to find a repeated index in every set i1, . . . , i2d of the sum in (4.11). This
fact can be rephrased by saying that
(4.12)L=
[n/2]∑
d=0
∑
τ∈S2d
λτα1,...,αdR
α1
τ (1)τ (2) . . .R
αd
τ(2d−1)τ (2d),
λτα1,...,αd ∈ C∞(M), α1, . . . , αd ∈ {1, . . . ,m}, τ ∈ S2d . Now, as was already done in the proof of
Theorem 1, condition (4.10) means that
(4.13)λτα1,...,αd = ε(τ)λIα1,...,αd ,
for every τ ∈ S2d . Thus the function L can be expressed as
L=
[n/2]∑
d=0
∑
i1<···<i2d
λi1,...,i2dα1,...,αd
∑
τ∈S2d
ε(τ )R
α1
iτ (1)iτ (2)
. . .R
αd
iτ (2d−1)iτ (2d) .
With the notation introduced in Section 4.1, it is easy to see that
L=
[n/2]∑ Xd ,
d=0
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Xd =
∑
i1<···<i2d
(−1)|I |+2dλi1,...,i2dα1,...,αd
∂
∂xi1
∧ · · · ∧ ∂
∂xi2d
⊗Bα1 ∨ · · · ∨Bαd ,
where |I | = i1 + · · · + i2d . The condition of adjoint invariance of L easily yields the condition of adjoint
invariance for each valued multi-vector field Xd ; that is,Xd ∈∧2d X(M)⊗IGd for every d = 1, . . . , [n/2].
It remains to see whether condition (4.3) is fulfilled. We have
LXd v = d
(
λi1,...,i2dα1,...,αd i ∂
∂xi1
∧···∧ ∂
∂xi2d
v
)⊗Bα1 ∨ · · · ∨Bαd
= ∂(λ
i1,...,i2d
α1,...,αd
)
∂xis
dxis ∧ (i ∂
∂xi1
∧···∧ ∂
∂xi2d
v
)⊗Bα1 ∨ · · · ∨Bαd .
Fix an arbitrary set of indices 1 j2 < · · ·< j2d  n. The coefficient of the summand i ∂
∂xj2
∧···∧ ∂
∂xj2d
v in
the previous formula is
(4.14)
∑
l
∂(λl,j2,...,j2dα1,...,αd )
∂xl
⊗Bα1 ∨ · · · ∨Bαd ,
where
λl,j2,...,j2dα1,...,αd = ε(τ)λτ(l),τ (j2),...,τ (j2d)α1,...,αd ,
τ being the only permutation of the set {l, j2, . . . , j2d} such that τ(l) < τ(j2) < · · ·< τ(j2d), whenever
the indices l, j2, . . . , j2d are not increasing. Hence, LXd v = 0 if and only if expression (4.14) vanishes for
every choice of indices 1 j2 < · · ·< j2d  n. On the other hand, taking into account expression (4.12)
of L and the property (4.13), condition (4.9) reads
∂2L
∂xl∂Rαjl
=
[n/2]∑
d=0
∂(λi1,...,i2dα1,...,αd )
∂xl
∂R
α1
i1i2
. . .R
αd
i2d−1i2d
∂Rαjl
=
[n/2]∑
d=0
d
∂(λj,l,...,i2dα,α2,...,αd )
∂xl
R
α2
i3i4
. . .R
αd
i2d−1i2d .
The left hand side vanishes if and only if
∑
l
∂(λj,l,...,i2dα,α2,...,αd )
∂xl
= 0,
for every choice of the indices α,α2, . . . , αd = 1, . . . ,m and j, i3, . . . , i2d = 1, . . . , n. This condition is
equivalent to (4.14), thus finishing the proof. ✷
Remark 2. The variational triviality of the Lagrangians Λf defined by Weil polynomials f ∈ IGk ,
dimM = 2k, can be obtain from Theorem 2, without using the theory of the Weil polynomials, as we
have done in Corollary 1. Indeed, given f , consider the element Xf = χ ⊗ f ∈∧n T ∗M ⊗ IGk , where χ
is the dual of the volume form v, that is, the unique section of
∧n
TM such that iχv = 1. It is easy to see
that Xf ◦Ω =Λf . Hence, as LXv = diχv ⊗ f = 0, we obtain the variational triviality of Λf by virtue
of Theorem 2.
M. Castrillón López et al. / Differential Geometry and its Applications 19 (2003) 127–145 145In Theorem 1, autP -invariance gave topological information on the bundle π :P →M by means of
the characteristic numbers cf , f ∈ IGk , dimM = 2k. Theorem 2 gives additional information. Indeed, let
X = χ ⊗ f ∈∧2d T ∗M ⊗ IGd be an IG-valued multi-vector field which is ‘divergence free’. We have
LX v = d(iχv)⊗ f = 0,
that is, the form iχv is closed and defines a cohomology class of degree n − 2d , for d = 0, . . . , [n/2].
In fact, there is a bijective correspondence of closed forms and ‘divergence free’ multi-vector fields.
Roughly speaking, variationally trivial natural Lagrangians are characterized by de Rham classes of the
base manifold M of the same parity like dimM and the characteristic classes of the bundle π :P →M
of arbitrary degree.
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